We present a general analytical treatment of cosmological models commanded by three interactive fluids with arbitrary barotropic indexes. The variable equations of state case are applicable to universes with quintessences, k essences and holographic fluids and we pay some attention to the holographic case. We also propose the need to extend the functional forms of the holographic energy densities that are usual in the literature in the face of the incompatibility presented by them when special interactions are used.
I. INTRODUCTION
The enormous volume of observational astronomical data [1] [2] [3] [4] [5] [6] [7] shows us a universe well adjusted by the model ΛCDM with respect to flatness, expansion and acceleration. However, there are controversies that current physics tries to settle in different ways. One widely used way is to assume that there are interactions in the dark sector [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] that explain, for example, the difference in energy density values between the tentative calculations assigned to the primordial vacuum and what is currently measured as dark energy. Other discrepancies refer to the coincidence between ranges of magnitude of the components of dark matter and dark energy and also to the unexplained evidence that assigns greater longevity to certain some old high redshift objects (OHROs), old galaxy and quasar discovered, compared to what is considered the age of our universe [19] . These disagreements have impelled to consider interactive models that generally only contain two components. In particular, two-component models have been developed where a holographic fluid plays the role of dark energy [20, 21, [23] [24] [25] and has been shown to be intrinsically interactive [26] .The next step has been to consider cosmological models of three interacting components with constant barotropic indices [27, 28] . In this work, we present an analytical treatment of cosmological models commanded by three interactive fluids with arbitrary barotropic indexes, constant [29] or not. This last case is applicable to universes with quintessences, k-essences and holographic fluids. We also propose the need to extend the functional forms of the holographic energy densities that are usual in the literature in the face of the incompatibility presented by them when special interactions are used.
The paper is organized as follows. In Sec. II the continuity equations for each interacting fluid are presented in terms of constant auxiliary real parameters and modified interactions. They are defined there and are included in the master differential equation whose resolution yields the functional form of the global energy density. The functional forms for the energy densities of each of the individual fluids are also written in terms of those auxiliary constants, the global energy density and their derivatives and the modified interactions. In Sec. III this methodology is applied to the case in which the barotropic indexes of all the interacting fluids are constant, identifying the auxiliary parameters with these indexes and analyzing particular cases. In Sec. IV this methodology is applied to the case in which at least one of the barotropic indices is variable and the restrictions on the values to be assigned to these parameters are shown. Also, we analyze particular cases for which the interactive part of the master equation is canceled. In Sec. V we study cases of interactive holographic fluids with special interactions that show the incompatibility of the holographic models most used in the literature for three fluid systems and we propose a new functional form that includes a term proportional to the jerk. Finally in section VI we present the conclusions.
II. THREE INTERACTING FLUIDS WITH GENERAL EQUATIONS OF STATE
In Friedmann Lemaître Robertson Walker (FLRW) background geometry we consider a cosmological model commanded by three interactive perfect fluids with pressures and densities of energy p i , ρ i , i = 1, 2, 3 and variable barotropic indexes γ i = 1 + p i /ρ i that satisfy conservation equationṡ
where the logarithmic derivative of the factor of scale a with respect to cosmological time H =ȧ/a is the Hubble parameter and Q i are the interactions affecting the fluids that satisfy the condition
It is convenient to write the partial conservation equations for each fluid in terms of the constant auxiliary parameters α i that facilitate the resolution of the equations. Then
where the ′ imply derivative with respect to the variable η = ln a 3 and each Q i is defined as Q i = Q i + (α i − γ i )ρ i . The Einstein equations for this model are
Using (2.4), (2.5), (2.6) and the equation obtained by derivation of (2.8) we can write the system of equations,
10) 11) in order to describe the densities of energy of each fluid in terms of the total energy density and its first and second derivatives as
Above ∆ is the determinant of the system of equations formed by (2.9), (2.10) and (2.11), that is, ∆ = ∆ 12 ∆ 13 ∆ 23
At this point we can obtain the equation which resolution bring us the functional form of the global density of energy ρ. When we differentiate the equation (2.12) and then apply to it the equations (2.4) and (2.12), we obtain a result similar to the obtained when we differentiate the equation (2.13) and then apply to it the equations (2.5) and (2.13) or to the obtained when we differentiate the equation (2.14) and then apply to it the equations (2.6) and (2.14). The sum of these three similar results allows to obtain the expression
The equation (2.15) can be called the master equation for cosmological models filled with three interactive perfect fluids.
III. THE CASE WITH CONSTANT BAROTROPIC INDEXES
The values considered for the constants α i depend on the particular model. When all the barotropic indexes γ i are constant, a suitable choice is α i = γ i for all i with which (2.15) is reduced to
For the natural options for constant indices, α i = γ i , and due to the condition of continuity,
, there are different cases for which each interaction Q i is written as a linear function of a single arbitrary interaction Q. The so-called transverse case γ · Q = 0 used in [30] , cancels the term γ · Q ′ = 0 and leads to write, for example, Q 1 = Q, Q 2 = ∆ 31 Q/∆ 23 and Q 3 = ∆ 12 Q/∆ 23 . Here, (3.1) is written as
In the non-transverse case γ · Q = 0, the condition
When the non-transverse set of interactions satisfies the condition,
, it is possible to consider the case in which both numerator and denominator are constants. In this supposition, the functional forms of the Q i are
5)
with A i constants of integration. A specific case with a non-transverse set of interactions is discussed in [29] in an approach to the cosmological constant problem. There, the Q i interactions Q 1 = µ(ρ − ρ ′′ ) and Q 2 = αρ ′ , do not satisfy any of the above conditions, neither
IV. THE CASE WITH VARIABLE BAROTROPIC INDEXES
We now consider that at least one of the barotropic indices is variable. This is an interesting situation because it allows to include fluids like quintessences, k-essences and holographics in this approach of models with three interactive fluids. The simplest solutions of the eq. (2.15) correspond to the systems where the interactions satisfy the condition
The trivial solution of (4.1) where each Q i = 0, allows us to draw very interesting conclusions. These modified interactions correspond to having bare interactions Q i on each of the three fluids of the form Q i = γ i ρ i − α i ρ i . Then each density of energy results of the form ρ i = ρ io a −3αi as can be seen from (2.12), (2.13), (2.14) once solved (2.15), or directly from the equations of continuity (2.4), (2.5), (2.6). The equivalent model corresponds to a system with three self-preserved fluids and this happens in spite of the fact that the barotropic indices are variable. This result appears to be trivial but entails an important restriction on the form of any holographic fluid when this option can be considered as the DE component of the system. It shows the need to use more general holographic fluids than those seen in the literature until now.
A barely more general solution of (4.1) where it is still true that the sum is null,
, in spite of the fact that each term is not canceled separately, results in the modified continuity equation
This result is similar to that obtained in two fluids systems, where one of them is a modified holographic type Ricci fluid acting as dark energy [27] , but here it is obtained in a very different form and it is fundamentally due to the set of interactions chosen, regardless of the type of fluids considered since the global energy conservation prescribes
When only one fluid has variable barotropic index, the condition 3 i=1 Q i = 0 leads to restrictions on the type of interactions and on the choice of the constant auxiliary coefficients α i . Trivially, if for example Q 1 = 0, then only can be Q 2 = 0 or Q 3 = 0 but not both. With respect to the choice of constants, if for example γ 2 is the only one variable index, then it can be chosen α 1 = γ 1 or α 3 = γ 3 but not both, because the index γ 2 is a linear combination with constant coefficients of the quotients ρ 1 /ρ 2 and ρ 3 /ρ 2 , γ 2 = α 2 + (α 1 − γ 1 )ρ 1 /ρ 2 + (α 3 − γ 3 )ρ 3 /ρ 2 . When, in addition, it is verified that the modified interactions Q i satisfy the condition
the problem results in a global density of energy that looks like a system with three self-preserved fluids ρ = 3H 
Then, (4.3) can be rewritten as
as in the constant case and admits solutions like (3.4), (3.5) and (3.6), but with the corresponding replacements γ i → α i . In the general case, when the interactions are linear functions of the global density ρ and its derivative ρ ′ , 
The general solution of equation (4.9) is greatly simplified with an adequate choice of auxiliary parameters α i . For example we can choose them in such a way that A 0 = A 1 = 0. That is With these simplifications, the global density of energy turns out to be ρ = 3H i=1 a i2 = 1 ensures that the roots λ ± are always real
.
V. THE HOLOGRAPHIC TYPE DARK ENERGY FOR SYSTEMS WITH THREE COMPONENTS
From here on we will apply the above considerations to systems with two fluids of constant indices γ 1 and γ 3 plus a holographic fluid of variable barotropic index γ 2 . In general, the characteristic length in the cosmological application of holographic fluids has been considered proportional to
, that is, the density of dark energy is proportional to H 2 ∼ ρ, orḢ ∼ ρ ′ or their linear combinations. As result of that, the holographic density of energy has been taken in the form
, with g i different constants of proportionality. In these cases there will be compatibility with the interactive models only when modified interactions meet the condition
Note that this incompatibility occurs not only in the very particular case of each Q i = 0 but also in cases of transverse interactions α · Q = 0 with
is not satisfied, the equation (2.13) shows that useful holographic forms of density of energy ρ holo ∼ g 2 ρ + g 3 ρ ′ are incompatible with three-component systems. This incompatibility generates the necessity of extending the forms used up to now including some term proportional to
] that contributes a term with ρ ′′ [22, 23, 31] . The existence of a non-accelerated cosmological period followed by an accelerated era implies that the jerk must be non-zero and in fact, the most accepted cosmological model ΛCDM model itself has j = 1. Note, that for the compatibility issue of the widely used holographic Granda's form, it is enough that the jerk is constant, because in that case the second derivative ρ ′′ is simply a linear combination of ρ and ρ ′ . With this characteristic in mind it is acceptable to propose a new form of holographic energy density that adds a new term proportional to ρ ′′ and that occurs naturally in the definition of the jerk.
Let us study a simple model that includes the extended holographic fluid to show how to choose the constants α i and get results that can be adjusted observationally. Be γ 1 and γ 3 the constant barotropic indices of two perfect fluids with density of energy ρ 1 and ρ 3 respectively, that interact with an extended holographic fluid with density of energy
through a transverse set of interactions α · Q = 0 such that
Note that the expression (5.2) are only an extended version of the modified holographic Ricci type density of energy used in [26] , [32] . Comparing (2.13) with (5.2) and under the condition ν 1 (ν 1 + 18ν 2 ) + 9ν 2 (ν 2 − 4ν 0 ) ≥ 0, the constants α i must have the values
3)
The transverse set of modified interactions with zero sum allows expressing the three interactions as functions of a single one, say Q, as
an arbitrary function of the densities of energy ρ 1 , ρ 2 , ρ 3 , ρ,ρ ′ and ρ ′′ , the equation (2.15) takes the form
Its solutions have already been obtained for many functions G that are linear or non-linear combinations of its arguments in [33] . In any of the transverse cases with zero sum, 6) where the auxiliary parameters α i are given by equations (5.3), the barotropic indices γ 1 and γ 3 can be variable or not, and ρ, ρ ′ , ρ ′′ are obtained by resolving (5.5).
VI. CONCLUSIONS
In this work, the equations of evolution for cosmological systems composed of three perfect fluids in interaction are presented. The novelty with respect to other similar presentations is that the expressions contain constant auxiliary parameters α i that allow to include fluids with constant and non-constant barotropic indices such as quintessence, k essences and holographic fluids. For these last cases we show the incompatibilities derived from using holographic fluids with energy densities that only include terms proportional to the global density of energy ρ and/or to its first temporal derivative ρ ′ . When all the barotropic indices are constant, the most practical option is to assimilate each auxiliary parameter with each constant barotropic index that is, α i = γ i . When at least one of the barotropic indices is variable, solutions must be found for the general master equation and the choice of values for each parameter depends strongly on the particular problem. If we apply this approach to the case of holographic fluids, it is observed that in some cases there are incompatibilities for the use of the usual forms reported in the literature, presenting the need for an extended holographic fluid whose energy density includes a term proportional to the jerk. The use of an extended holographic fluid as dark energy completely determines the values of the auxiliary parameters and for these cosmological models we present a study of the cases corresponding to sets of interactions, transverse or not, whose sum is null. The expressions of all the densities of energy involved are described as well as the shape adopted by the equation of state of the holographic dark energy density in the case of modified interactions whose sum is zero. Another important characteristic of this type of approach is that the constant barotropic indexes of the non-holographic fluids that interact with the holographic, extended or not, do not need to be different and that is why they include the cosmological models that do require it as in [34] .
